Abstract. As a generalization of semi-invariant Riemannian maps from almost Hermitian manifols, we first introduce generic Riemannian maps from almost Hermitian manifolds to Riemannian manifolds, give examples, obtain decomposition theorems and investigate harmonicity and totally geodesicity of such maps. Then as a generalization of semi-invariant Riemannian maps to almost Hermitian manifolds, we introduce generic Riemannian maps from Riemannian manifolds to almost Hermitian manifolds, give examples and find necessary and sufficient conditions for such maps to be totally geodesic. The harmonicity of generic Riemannian maps to Kähler manifolds is also investigated.
INTRODUCTION
As indicated in [9] , a major flaw in Riemannian geometry (as compared to other subjects) is a shortage of suitable types of maps between Riemannian manifolds that will compare their geometric properties. In this direction, Fischer introduced Riemannian maps between Riemannian manifolds in [8] as a generalization of the notions of isometric immersions and Riemannian submersions. Isometric immersions and Riemannian submersions have been widely studied in differential geometry (see for examples [6] and [7] ), however the theory of Riemannian maps is a new research field. Let F W .M 1 ; g 1 / ! .M 2 ; g 2 / be a smooth map between Riemannian manifolds . Then we denote the kernel space of F by kerF and consider the orthogonal complementary space .kerF / ? to kerF . Then the tangent bundle of M 1 has the following decomposition
We denote the range of F by rangeF and consider the orthogonal complementary space .rangeF / ? to rangeF in the tangent bundle It follows that isometric immersions are particular Riemannian maps with kerF D f0g. It also follows that Riemannian submersions are particular Riemannian maps with .rangeF / ? D f0g. If rankF < mi nfm; ng, we always have .rangeF / ? ¤ f0g, in this case, we say that F is a proper Riemannian map. It is known that a Riemannian map is a subimmersion which implies that the rank of the linear map F p W T p M 1 ! T F .p/ M 2 is constant for p in each connected component of M 1 , [1] and [8] . It is also important to note that Riemannian maps satisfy the eikonal equation which is a bridge between geometric optics and physical optics. For Riemannian maps and their applications in spacetime geometry, see: [9] .
In [19] , we introduced semi-invariant Riemannian maps from almost Hermitian manifolds onto Riemannian manifolds as a generalization of holomorphic Riemannian maps and anti-invariant Riemannian maps, then we studied the geometry of such maps. We also introduced and studied semi-invariant Riemannian maps to almost Hermitian manifolds in [18] . Recently, there are many research papers on the geometry of Riemannian maps between various Riemannian manifolds [10] , [11] , [14] , [15] , [16] .
In this paper, we introduce and study both generic Riemannian maps from almost Hermitian manifolds and generic Riemannian maps to almost Hermitian manifolds.
The paper is organized as follows: In Section 2, we present the basic background needed for this paper. In section 3, we define generic Riemannian maps from almost Hermitian manifolds to Riemannian manifolds, give examples and obtain integrability conditions for distributions defined by generic Riemannian maps. We also find necessary and sufficient conditions for a semi-invariant map to be totally geodesic map and harmonic map . In the last section of this paper, we study generic Riemannian maps to almost Hermitian manifolds and obtain main properties of such maps.
PRELIMINARIES
In this section we recall some basic materials from [3] and [24] . A 2k-dimensional Riemannian manifold . N M ; N g; N J / is called an almost Hermitian manifold if there exists a tensor filed N J of type (1, 1) on N M such that N J 2 D I and
where I denotes the identity transformation of T p N M . Consider an almost Hermitian manifold . N M ; N J ; N g/ and denote by N r the Levi-Civita connection on N M with respect to N g: Then N M is called a Kähler manifold [24] if N J is parallel with respect to N r, i.e, . Let F be a Riemannian map from a Riemannian manifold .M 1 ; g 1 / to a Riemannian manifold .M 2 ; g 2 /. We will use the letters H and V to denote the orthogonal projections onto distributions .kerF / ? and kerF , respectively. Then we define T and A as
for vector fields E; F on M 1 , where r is the Levi-Civita connection of g 1 . In fact, one can see that these tensor fields are O'Neill's tensor fields which were defined for Riemannian submersions. For any E 2 .TM 1 /, T E and A E are skew-symmetric operators on . .TM 1 /; g/ reversing the horizontal and the vertical distributions. It is also easy to see that T is vertical, T E D T V E and A is horizontal, A D A H E . We note that the tensor field T satisfies
On the other hand, from (2.4) we have From now on, for simplicity, we denote by r 2 both the Levi-Civita connection of .M 2 ; g 2 / and its pullback along F . Then according to [12] , for any vector field X on M 1 and any section V of .rangeF / ? , where .rangeF / ? is the subbundle of
X V which is the orthogonal projection of r 2 X V on .F .TM // ? . In [12] , the author also showed that r F ? is a linear connection on .
where S V F X is the tangential component (a vector field along F ) of r 2
F X
V . It is easy to see that S V F X is bilinear in V and F X and S V F X at p depends only on V p and F p X p . By direct computations, we obtain
for X; Y 2 ..kerF / ? / and V 2 ..rangeF / ? /. Since .rF / is symmetric, it follows that S V is a symmetric linear transformation of rangeF .
GENERIC RIEMANNIAN MAPS FROM ALMOST HERMITIAN MANIFOLDS
Let F be a Riemannian map from an almost Hermitian manifold .M; g M ; J / to a Riemannian manifold .N; g N /. Define and
Let F be a generic Riemannian map from an almost Hermitian manifold .M; g M ; J / to a Riemannian manifold .N; g N /. Then for U 2 .kerF /, we write Since semi-invariant Riemannian maps include invariant Riemannian maps and anti-invariant Riemannian maps, such Riemannian maps are also examples of generic Riemannian maps. We say that a generic Riemannian map is proper if D ? is neither complex nor purely real. We now present an example of proper generic Riemannian maps. In the following R 2m denotes the Euclidean 2m-space with the standard metric. An almost complex structure J on R 2m is said to be compatible if .R 2m ; J / is complex analytically isometric to the complex number space C m with the standard flat Kählerian metric. We denote by J the compatible almost complex structure on R 2m defined by 
/:
Then we have
Hence it is easy to see that We now investigate the effect of a proper generic Riemannian map on the geometry of the total manifold, the base manifold and the map itself. 
Proof. From (2.2), (2.6), (3.4) and (3.6) we have
Taking the vertical parts and the horizontal parts of (3.8) we get
Interchanging the role of X and Y in (3.10),and taking into account that T is symmetric on the vertical distribution, we derive
which gives proof.
In a similar way, we have the following lemma. 
We now investigate the geometry of leaves of D and D ? . 
Proof. From (2.2), (2.6), (3.4) and (3.6) we have 
In a similar way, we have the following result. 
From Lemma 4 and Lemma 5 we obtain the following decomposition theorem. 
Lemma 6. Let F be a proper generic Riemannian map from a Kähler manifold .M; J; g M / to a Riemannian manifold .N; g N /. Then the distribution kerF defines a totally geodesic foliation in M if and only if
Proof. From (2.2), (3.4) and (3.6) we have 
In a similar way, we have the following result for distribution .kerF / ? . Lemma 7. Let F be a proper generic Riemannian map from a Kähler manifold .M; J; g M / to a Riemannian manifold .N; g N /. Then the distribution .kerF / ? defines a totally geodesic foliation in M if and only if
From Lemma 6 and Lemma 7, we have the following corollary. 
In the rest of this section, we are going to find necessary and sufficient conditions for proper generic Riemannian maps from Kähler manifolds to Riemannian manifolds to be totally geodesic and harmonic, respectively. We recall that a map between Riemannian manifolds is totally geodesic if .rF / D 0 on the total manifold. A geometric interpretation of a totally geodesic map is that it maps every geodesic in the total manifold into a geodesic in the base manifold in proportion to arc lengths. We also recall that a map is harmonic if t racerF D 0. Geometrically, a harmonic map F is a critical point of the energy functional E.
Theorem 2. Let F be a proper generic Riemannian map from a Kähler manifold .M; J; g M / to a Riemannian manifold .N; g N /. Then F is totally geodesic if and omly if the following conditions are satisfied Then from (3.4) and (3.3) we derive
Using (2.9) and (2.8) we have
which gives (1). In a similar way, we obtain (2). Now, for X; Y 2 ..kerF / ? / and 2 .. (3.4) and (2.6)-(2.9) we have ; 0/:
Then kerF is spanned by
.kerF / ? is spanned by
Hence it is easy to see that We now find necessary and sufficient conditions for generic Riemannian maps from Riemannian manifolds to Kähler manifolds to be totally geodesic and harmonic. We first give the following result for totally geodesicity. which gives (1). (2) and (3) can be obtained in a similar way.
For the harmonicity, we have the following result. where r is the Levi-Civita connection on M 1 . Now considering .rangeF / parts of this equation and taking trace on resulting equation we get (4.7). Second assertion comes from .rF /.U; U / D F .r U U / for U 2 .kerF /.
